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ENGLISH VERSION

Instructions : (1) As per the Instruction No. 1 of Page no. 1.
(2) All questions are compulsory.
(3) Figures to the right indicate full marks of the
question.

(4) Follow usual notations.

1 (a) Answer the following questions :

b b ‘ inJrl
(1) Show that the series P

n=1

is divergent. 2

(2) Show that one-point set is of measure zero in R'. 2
(3) If f,geR][a b] then prove that (f+g)eR[a b] 2

(4) Prove that ¢ is open in any metric space. 2

(b) Decide the validity of the following statements. Justify 8

your answer :

o"
1 2

(D) I\/; dx = J‘\/sin u cosu.du.
0 n
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(2) Let M =[0,1] be a metric space with the absolute

S R I
value metric then in M, 17 1)

(3) (0,) is a bounded subset of R,.

(4) An infinite subset of R, is compact.

2 (a) Let {an}:;1 be a non-increasing sequence of positive 7

real numbers whose limit is zero. Prove that

i (- 1)”+1 .a,is convergent.

n=1

(b) Let Z a, be a series of non-negative numbers 5

n=1

and S, =a,+a,+..+a,(nel). If the sequence

{S,Z}::1 is bounded then prove that > ¢ is

n=1

convergent.

(¢) Answer the following questions : 6

> 2n
(1) Show that the series Z 2

Z 7 _ani7 18 divergent.
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2 If Z |an| < and if for each <7/, b+1 a_ﬂ
n=1 n n
then prove that Z |bn| < ®.
n=1
OR
2 (a) Let {an}::zl be a sequence of real numbers. 7

lim Sup.2fla,|=1>0
If m oup an| then prove that
n 1
> a,x converges absolutely for |x|<z and

1
diverges for \x\>z

(b) Let {a,}  be a non-increasing sequence of positive 5

numbers. If 2. 2”@, is divergent then prove
n=0

that Z a, 1s divergent.

n=1

(¢) Answer the following questions : 6

2 1
(1) Show that the series Z x 1s divergent.
3 (log n)
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@2 If Z 4, 1s a convergent series of positive real

n=1

0 [=S)
numbers and if {anl_} is a subsequences of {a,}

i=1

then prove that z a, converges.
i=1

3 (@ If feR[a,b] and a<c<p then prove that 7

b c b
felacl; feles] and [/=]/+]/.

(b) Prove that for a bounded real-valued function f 6

on [a,b], ul f; G]Zu[f; G*]; where o c o™

(¢) If f is continuous on [a,b], then prove that there 5

b
exists ce(a, b), such that Jf(x) dx = f(c) (b-a)

a

OR
3 (a) Let f be a bounded function on [a, b]. 7
Prove that if f e R[a, 0] then for each <>0 there

exists a subdivision § of [a,b] such that

ulf; 8]-L[f; 8] <e.
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(b) Let ¢ be a real-valued function on [a,b] such that 6
¢' is continuous on [a, b]. Let 4=¢ (a), B=¢(b) and fis

continuous on ¢([a, b]) then prove that

[ £ () ate= [ £ (o) ¢' ()
A a
(¢0 If feR[a, b] then prove that |f|€ R[a, b] and 5
b b
[7|= 1A
4 (a) Let <M; p> be a metric space and gc M. Let 7

f and g be two real valued functions on M. If

lim f(x) =L and }Cl_fg g(x) =M then prove that

x—>a

lim f(x)-g(x):L-M.

x—>a

(b) Let f and g be continuous functions from a 6

metric space M, into a metric space M, then prove

that f+g¢ is also continuous on AM,.

© Let x=(x,x);y=01 1) If x, yer? and 5

1
p(x, )= |:(x1 N )2 +(x, —yz)zJé then prove that p is

a metric.

OR
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4 (a) Let (M, p,) and (M,,p,) be metric spaces. Then 7

prove that f:M, > M, is continuous at a< M, if and

only if whenever {x,}  is a sequence of points in M,

o0
n=1

converges to a then the sequence { f (xn)}jzlof points

in M, converges to [ (a).

(b) Let R be the set of real numbers. Let the 6

function d:RxR—[0, =) be defined as

Lif x#y
d(x’y):{o. l_fx:y

then prove that d is a metric.

() Let f:R* > R bedefinedas f(<x, y>)=x; (<x,y>€R2). 5

Show that f is continuous on RZ.

5 (a) Let (M;,p) and (M,,p,) be two metric spaces. Prove 7
that f:M;, > M, be continuous on M, if and only if

£71(F) is a closed subset of M, whenever F is a closed

subset of M,.

(b) Let (M,,p,) and (M,,p,) be two metric spaces. 6

Let f:M; ->M, be continuous on M, If M, is

connected then prove that the range of f is also

connected.
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(c) Prove that the subset A of the metric spaces (M,p) 5

is totally bounded if and only if for every <>0. A

contains a finite subset {x,x,,...x,} which is

c —dense in A.
OR

5 (a) Prove that every open subset G of R’ can be 7

0

written as G:U I,; where [,,7,... are a finite

n=l"7"

number or a countable number of open intervals which

are mutually disjoint.

(b) Let M be a metric space. Prove that M is connected 6
if and only if every characteristics function on M is

constant.

(¢) Let f be a continuous real valued function 5

on the metric space M. Let A be the set of
all xeM such that f(x)>=0. Prove that A is

closed.

6 (a) Prove that if a metric space M has the Heine Borel 7
property, then M is compact.

(b) Prove that a closed subset of a complete metric space 6
1s complete.
(¢ If A and B are compact subsets of R’ then 5

prove that A x B is a compact subset of RZ.

OR
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6 (a) Let <M p> be a complete metric space. For each </, 7

let F, be closed bounded subsets of (M, p) such that

FEoFEDFEDF,D.. and diam /, =0 as n-—>o then

show that ﬂFn contains exactly one point.

n=1

b If ﬂ F#0¢ then prove that the metric space (M,p) 6
Fe%

is compact; where 3 is a family of closed subsets of

M with the finite intersection property.
(©0 Let (M, p) be a metric space. If (M, p) is compact 5

then prove that every sequence of points in M has a

subsequence converging to a point in M.
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